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ABSTRACT
To find the solutions of the Einstein-equations of the general 
relativity theory is a difficult problem. In the stationary case the applica­
tion of the method of the 3 dimensional relativity and spin coefficients 
enable one to find new solutions. The problem with space-like symmetry has 
been investigated less than the stationary case. The method of the 3 dimensional 
relativity and spin coefficients can be applied for space-like symmetric case 
too. This paper contains the equivalents of the field equations of the space- 
-like symmetric electrovac problem in 3 dimensional relativity expressed by 
spin coefficients.
KIVONAT
Az általános relativitáselmélet Einstein-egyenleteinek megoldásait 
általános esetben nehéz megkeresni. Stacionaritás esetén a 3 dimenziós relati­
vitáselmélet, valamint az ehhez adaptált spinkoefficiens-módszer alkalmazása 
uj megoldások megtalálását tette lehetővé. Ezek a módszerek abban a jóval 
kevésbé tanulmányozott esetben is alkalmazhatók, amikor stacionaritás helyett 
egy térbeli szimmetria áll fenn. Ezen munka a térbeli szimmetriával rendelkező 
elektrovákuum Einstein- és Maxwell-egyenleteit tartalmazza a 3 dimenziós rela­
tivitáselmélet formalizmusával és spinkoefficiensek segitségével felirva.
РЕЗЮМЕ
Нахождение решений уравнений Эйнштейна общей теории относительности 
в общих случаях является трудной задачей. В случае стационарности применение 
трехмерной теории относительности, а также адаптированного для такого случая 
метода спиновых коэффициентов представило возможность нахождения новых реше­
ний. Эти методы применяются и в случаях пространственноподобной симметрии 
вместо стационарности. Настоящая работа содержит уравнения Эйнштейна и Макс­
велла пространственно-подобного симметричного электровакуума, в случае трех­
мерной теории относительности, содержащие коэффициенты спина.
1. INTRODUCTION
In stationary case the application of the 3 dimensional relativity 
and the spin coefficients [l], [2] , [3] enables one to find new vacuum and 
electrovac solutions [4], [5], [б].The space-like symmetric cases are in­
vestigated less than the stationary cases. The method of the 3 dimensional 
relativity and the spin coefficients is applicable in space-like symmetric 
cases too [7]. In this paper we shall investigate the electrovac problem 
with one space-like symmetry.This paper contains the equivalents of the 
Einstein- and Maxwell-equations in the 3 dimensional relativity expressing 
these by spin coefficients.
The energy-momentum tensor of the electrovac problem has the following
form:
T = F FP - T g F FpCT yv yp v 4 ^yv pa
The Einstein- and Maxwell-equations are:
R - \  yv 2 g R = kT’yv yv
Fpv ; v = 0
and we have:
/ 1 . 1/
/1 .2/
F = A - Ayv v; у y;v
Here Ар is the electromagnetic vector potential. The field equations 
are invariant against the following transformation /duality rotation/:
F' = cosa F + sina«e FP° /-g'yv yv yvpa
/1.3/
/ 1 . 2/
/1.4/
a is a real constant.
2Now we shall show that the space-like symmetric electrovac problem can be 
investigated analogously to the stationary problem.
2. SPACE-LIKE SYMMETRIC ELECTROVAC PROBLEM
The electrovac field has a space-like symmetry if the Killing-equation
К + К = 0  у; v v; у
/2 .1 /
Vi = 0,1,2,3
has a space-like Kp solution and the Lie-derivative of the elecromagnetic 
vector potential vanishes along this Kp field:
A Kp - AP К = 0  . /2.2/vi ;p у ;р
The coordinate system can be chosen such that
Ky = 6P . /2.3/
The conditions /2.3/ are preserved by the following transformations:
Z' = Z + f (x*)
i' i'/ k\ x = x ^x ;
, /2.4/
Z = x
i = 0,1,2 .
We shall confine ourselves to these transformations.
Let us write the line element of the 4 dimensional spacetime in
the form:
ds2 = -f_1 ds2 * f (dz + ük dx1 )2
/2.5/
9 i k
ds* = g±k dx1 dxK
/The tilde denotes the 4 dimensional quantities./ This form is general 
because f = K^ Kp < 0.
It is suitable to introduce the following quantities /similarly to 
the stationary case [б] /:
3E = f - + i'f ; в 4 = e,u0 (дк 11 - шк a 1£,i “ ik£ ) g^g"
s fj (Аз + iB) ; E e —  “k U  "2'ik*, g2/д + 21т(фф . / 2 . 6 /
/The stroke signifies the 3 dimensional covariant derivation./ Now the new 
form of the transformation /1.4/ is the following:
. ia ,I' = e ф /2.7/
For e and ф we get the same equations as in the stationary case [з]:
^Ree + 
, Ree +
R., =lk
ф I 2) Де = (ve + 2ф\7ф) Ve 
ф I 2) Дф = (Ve + 2фУф) Уф 
1
2 ^ Ree+| ф| 2)
Re í£,i £.i + 4 Д  ч ,к
/ 2 . 8 /
+ 2фф,1е,к + 2фф,ke, i “ 4 (Ree) Ф Д  ф,к
We introduce the quantities 5, q similarly to the stationary 
case [з]./Their equations are identical with the equations of the stationary 
case./ The definitions of these quantities are:
e -= i z l“ 5+1
_2 _
5+1 /2.9/
If we confine ourselves to the case q = q = constant, we get again:
(55 + q°q° - i)A5 - 25(V5)2
Rik = ~2(a  + q0q0 - ú~2 0  - q0q0) Re(?,i l,k) •
The quantity 5' defined by the following way:
/2 .10/
1 1 - q°4°
0-0 . . ; q q < 15' / 2 . 11/
4is a solution of the vacuum equations. This correspondance between the 
vacuum problem and the electrovac one with q = q°, |q°| < 1  is suitable 
for construction of the electrovac counterparts of the corresponding vacuum 
solutions, similarly to the stationary case.
2
In the space-like symmetric case Res + |ф| < О. Thus we intro­
duce the following 3-vectors:
G _ Ve + 2фУф . H E _______ Уф
2 (Ree + I ф I ^  ) ’ /- (Ree I I Ф I ^  )
Now the new forms of the eqs. /2.8/ are:
(v - g )g -(gg + HH )
VxG = G*G + HxH 
(V-G)H = -j(G-G)H 
V*H = - ^(G+G)xH
Rik ‘ " (GiGk + V i  + V k  + V i )
(5-S)i = eifci Ak B* .
/2.12/
/2.13/
Thus there does not exist solution with flat background space except the 
empty Minkowskian space.
3. THE NEW FORMS OF THE FIELD EQUATIONS
We can write down the equivalents of the eqs. /2.13/ by means of 
spin coefficients. The details of this method are given in [2], [V] [7].
We define a basic vector triad and complex rotational coefficients in the 
following way:
= (a1 , m , m1)
- mn
rZ Z m nr
£ = 0, + ,-
O 0
О
0
V = V . Z
E 1 E
01 _ L  
iЭх
i Э m --:
Эха
/3.1/
f
5. i -кР = m.|к £ ш
к = m , I, £ ^ £^i к
„ i к
0 = mi I к £ га
_ iт = m. ! к m ш
/3.2/
6 = ш. , т1 £к 1 к
The commutators of the differential operators /3.1/ are:
D6 - <5D + (p+e)ő + об - kD = 0 .
66 - 66 - тб + tő + (p-p)D = 0 
Instead of the eqs. /2.13/ we get the following equations:
/3.3/
Dp - 6k = kt + KK - p - oo - G G - H Hо о о о
Do - ők = -(p+p+2e)a - kt + + 2G+G+ + 2H+H+
Dt - ŐS = -ко + K p + 6T + < e - p T + 0T - G G  - G G  - H H  - H Hо -  о -  о -  о -
őp - 60 = 2ot - (P-P)K - GoG+ - GoG+ - HoH+ - HoH+
6т + őt = -2tt - oö + pp - e(p-p) - GqG0 - G_G+ - G+G_ - HqHo - H_H+ H_HH
DG - 6G^ - 6G = (-p-p+G -G )G + (Íc+t-G +G )G, + (k+t-G.+G^G - H H +H íо + - 4  ^ K о о' о v — — + \ + +' - о о
DHо-бн+-бн_ = (-p-p+|g o - Ígo)h q + O t-|g _ + Íg_)h+ + (<+T -|G+ + éG> -
6Go - DG+ = oG_ + (p+Go+e)G+ - (k+G+)Gq + HQH+ - H+Hq
6Hq - d h + = oh_ + [p + í (go+go') + e]h+ - [k- + |(g+ + g +) h q
6G - DG = (p-e+G )g + ÖG. - (ic+G )g + H H - H H O — ' O' - + - о  о -  о -
ÓH - DH = о - з-е + 4 (g +g ) 2 4 о о7 Н_ + аН+ - |(G- + G-)]Ho
6G+ - 6G_ = (T+G+')G_ - (t+G_)g+ + (p-p)Go + H+H_ - H_H+
6Н+ - 6Н_ = Т + K G+ + 5+)]н- - [т + i (G- + G-)]H+ + (р_р)Нс
+н_н+
/3.4/
64. THE EIGENRAYS
In many cases the eqs. /3.4/ can be reduced by the suitable choice 
of the triad. Let be a complex 3-vector field:
u = a + ib . /4.1/
If for an 3-vector A the following algebric requirement
a - (aA)A + bxA = 0 /4.2/
is fulfilled, _A is the tangent to the eigenrays of this field [2] .
The z q  vector of the triad can be chosen as the tangent of
eigenrays except the following cases:
1. a
■
0 and bb < 0 •
2. a * 0, b = 0 and aa |A 0 /4.3/
3. a ф 0 , b Ф 0 and aa = bb = ab = 0 .
When we investigate the eigenrays of the gravitational /G/ field,
we have
a = V(f - I ф ! 2 ) 
b = Vf .
/4.4/
If on the other side we investigate the eigenrays of the electromagnetic /Н/ 
field then
a = VRe<{> 
b = VIm<(>
/4.5/
If the conditions /4.3/ are not fulfilled for one of these fields, 
we can choose the A vector of the triad tangent to the eigenrays of this 
field. In this case
G_ = О or H_ = О . /4.6/
Finally we can make e = О by a rotation of triad about the axis 
l /[2] > [7]/ and the freedom
7m
C° is real, and DC° = О . /4.7/
5. CONCLUSION
These equations are similar to the equations of the stationary 
electrovac problem and can be solved in the same way. Further investigations 
on this will appear later.
6. ACKNOWLEDGEMENTS
I would like to thank Dr.Z.Perjés for illuminating discussions.
REFERENCES
[1] E.T.Newman, 
R. Penrose
J.Math.Phys. 3^ 566 /1962
[2] Z .Perjés J.Math.Phys. 11, 3383 /1970/
[3] Z.Perjés Commun. Math. Phys. 12, 275 /1969/
[4] J.Kóta, Z. Perjés J.Math.Phys. 13, 1695 /1972/
[5] Z. Perjés Phys. Rev. Letters 21_, 1668 /1971/
[6] В.Lukács, Z.Perjés GRG-Journal /to appear/
[7] В. Lukács KFKI-72-66
remains. If Dx° = 0, we can make Imx° = 0  by the transformation /4.7/.
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